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Abstract. In this paper, first-order Sobolev-type spaces on abstract metric measure 
spaces are defined using tlie notion of (weak) upper gradients, wliere the summability of 
a function and its upper gradient is measured by the "norm" of a quasi-Banach function 
lattice. This approach gives rise to so-called Newtonian spaces. Tools such as moduli of 
curve families and Sobolev capacity are developed, which allows us to study basic proper- 
ties of these spaces. The absolute continuity of Newtonian functions along curves and the 
completeness of Newtonian spaces in this general setting are established. 



1. Introduction 

The aim of this paper is to build up the basic theory of Newtonian spaces based on quasi- 
Banach function lattices and eventually show some interesting properties in this general 
setting. Newtonian spaces are first-order Sobolev-type spaces on abstract metric measure 
spaces. The interest in first-order analysis in metric spaces was initiated by Hajlasz ifTOl 
in 1996 and the area has been under intensive study ever since. It leads to exciting new 
results, which can be readily used also when studying functions defined on (not necessarily 
open) subsets of K". We refer the interested reader to, e.g., Ambrosio and Tilh ||2l, Bjom 
and Bjorn 0, Hajlasz (TV\, or Heinonen fT4','T5 |. 

If we focus on the classical definition of a Sobolev space for some open set 

il C K.", we can see that the Sobolev norm 

does not really depend on the vector of the distributional gradient Vm, but only on its 
modulus |Vm|. Owing to the Newton-Leibniz formula, the modulus |Vm| can be used to 
estimate the difference of function values. For illustration, let Q. C M", and suppose that 
M e ' and that 7 : [0, ly] ^- H is a '-curve. Then, 

|M(7(0))-M(7(Zy))| = ['\uoY)'{t)dt < ['^ \Vu\\Y{t)\dt = [ \Vu\ds, 
Jo Jo Jy 

where ds denotes arc length. The upper gradients (see Section |2|i substitute |Vm| in the 
inequality above and subsequently in the Sobolev norm, giving rise to the Newtonian norm. 
The upper gradients were introduced in Heinonen and Koskela lfT6l[T7l . Since the upper 
gradients, unlike the distributional gradients, do not rely on the linear structure of M", they 
can be used to define first-order Sobolev-type spaces on abstract measure spaces. 

Shanmugalingam pioneered this approach in |j25 1 to study the Newtonian spaces cor- 
responding to the Sobolev spaces W' ^. Bjorn and Bjorn |5| gave a thorough treatise on 
these spaces, including their applications in non-linear potential theory. Durand-Cartagena 
||8] investigated the case p = °o. Tuominen Il26l and Aissaoui |[T] generalized the the- 
ory so that the underlying function space would be a reflexive Orlicz space. Harjulehto, 
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Hasto, and Pere further developed the theory in I.13J . where they discussed the Newtonian 
spaces based on Orhcz-Musielak variable exponent spaces, where the exponent function 
was essentially bounded. Mocanu |22| worked with Banach function spaces as defined in 
Bennett and Sharpley |3, Definition 1.1.3]. The paper I.22J however suffers from improper 
work with equivalence classes, which eventually leads to invalidity of some of the claims 
therein. Some of the results there also rely on uniform convexity of the function space 
which considerably lessens the generality. The latest attempt to discuss the foundations of 
the Newtonian theory is due to Costea and Miranda Q who used the Lorentz LP'^' spaces 
as the underlying function spaces. For detailed historical notes on the development of the 
Newtonian theory and its toolbox, we refer the reader to Bjorn and Bjorn 1(5 Section 1.8]. 

The present paper develops elements of an omnibus Newtonian theory that encompasses 
all these results and goes even further. Under very weak assumptions on the measure and 
the function space, we establish standard tools for the theory. We prove that the natural 
equivalence classes are in general finer than equality almost everywhere. Further, we will 
see that Newtonian functions satisfy and can be characterized by a regularity condition in 
terms of absolute continuity on curves. We also show that the Newtonian space is in fact a 
(quasi)Banach space. Finer properties of the set of weak upper gradients are then studied 
in IJTl. Particularly, existence of minimal weak upper gradients is established there. 

There are other possible generalizations of Sobolev spaces to metric measure spaces, 
based on different characterizations of the distributional gradient. For comparison of these 
approaches, see Hajlasz IfTOHTTI or Bjorn and Bjorn \5. Appendix B]. 

The paper is structured in the following way. In Section|2] we define the quasi-Banach 
function lattices and the Newtonian spaces based on them. We also show that Newto- 
nian functions form a quasi-normed lattice. Section [3] is devoted to the Sobolev capacity 
and its fundamental properties. Then, we introduce the moduli of curve families in Sec- 
tionlH which leads to the notion of weak upper gradients that is established and studied in 
Section |5] We prove that Newtonian functions are absolutely continuous on almost every 
curve and we discuss the equivalence classes in the Newtonian space in Section|6l Finally, 
we show that the space of Newtonian functions is complete and we prove a Egorov-type 
theorem in Section]?] 

2. Preliminaries 

We assume throughout the paper that ^ = is a metric measure space equipped 

with a metric d and a a-finite Borel regular measure pL. In our context, Borel regularity 
means that all Borel sets in !^ are /i-measurable and for each /i -measurable set A there is 
a Borel set D D A such that pL{D) ^ pL{A). The connection between d and /i is given by the 
condition that every ball in ^ has finite positive measure. Let ^{,^,pL) denote the set of 
all extended real-valued /i-measurable functions on The set of extended real numbers, 
i.e., M U {±°°}, will be denoted by M. The symbol N will denote the set of positive inte- 
gers, i.e., {1,2, . . .}. The open ball centered at jc e with radius r > will be denoted by 
B{x,r). 

A linear space X =X{^,n) of equivalence classes of functions in is said 

to be a quasi-Banach function lattice (further abbreviated as qBFL) over {3^ ,ix) equipped 
with the quasi-norm || ■ ||x if the following axioms hold: 

(PO) II • ||x determines the set X, i.e., X = {m e .-#(^,^): ||m||x<°°}; 
(PI) II ■ ||x is a ^Mfl.s/-norm, i.e., 

• ||m||x = if and only if M = a.e., 

• ||aM||x — \a\ \\u\\x for every a G M and u € 

• there is a constant c > 1, the so-called modulus of concavity, such that the 
inequality ||m + v||x < c(||m||a-+ HvHa-) holds for all u,v £ 

(P2) II • \\x satisfies the lattice property, i.e., if |m| < |v'| a.e., then ||m||x < IK'IU; 
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(RF) II • ||x satisfies the Riesz-Fischer property, i.e., if m„ > a.e. for all n e N, then 
||Lr=i "n||x — ^«=i where c > 1 is the modulus of concavity. Note that 

the function Y^= \ needs be understood as a pointwise (a.e.) sum. 
Note that X contains only functions finite a.e., which follows from |(P 1 )| and |(P2)| In other 
words, if ||m||x < °°, then |m| < °° a.e. A quasi-Banach function lattice is normed, and thus 
called a Banach function lattice (BFL) if the modulus of concavity is equal to 1. 

In the further text, we will slightly deviate from this rather usual definition of quasi- 
Banach function lattices. Namely, we will consider X to be a linear space of functions 
defined everywhere instead of equivalence classes defined a.e. Then, the functional || • ||x 
is really only a quasi-seminorm. 

Throughout the paper, we will also assume that the quasi-norm || • \\x is continuous, 
i.e., if \\u„ — u\\x — )■ as « ^ oo, then ||Mn|U ~^ The continuity of || ■ ||x in normed 

spaces follows from the triangle inequality. On the other hand, if the space X is merely 
quasi-normed, then there is an equivalent continuous quasi-norm due to the Aoki-Rolewicz 
theorem, see Proposition H.2 in Benyamini and Lindenstrauss Q. Its proof shows that 
such an equivalent quasi-norm retains the lattice property. 

It is worth noting that the Riesz-Fischer property is actually equivalent to the complete- 
ness of the quasi-normed space X, given that the conditions |(P0)| - [(P2)| are satisfied and 
the quasi-norm is continuous, see Zaanen |27 Lemma 101.1], where the equivalence for 
normed function lattices is discussed but the proof works even in the case of quasi-normed 
function lattices. The equivalence was first observed by Halperin and Luxemburg ||T2| who 
defined the Riesz-Fischer property in a slightly different way. 

Let us now take a look at some examples of function spaces to appreciate the generality 
of such a setting. 

Example 2.1. (a) All (quasi)Banach function spaces, further abbreviated as (q)BFS, are 
trivially (q)BFL's, as they satisfy not only |(P0)] - |(P2)[ but also the following three axioms: 

(P3) II ■ ||x satisfies the Fatou property, i.e., if < m„ m a.e., then ||m„||x ||m||x; 

(P4) if a measurable setEC^ has finite measure, then ||X£||x < °°; 

(P5) for every measurable set £ C of a finite measure there is > such that 
|m| £//i < C^IImIIx for every measurable function u. 
Note that the Fatou property implies the Riesz-Fischer property. Condi tion |(P5)| describes 
that X is continuously embedded into Ll^^{^,jj.). As particular examples of BFS's we can 
list L''{^,^) spaces if p G [1,°°]' '^^e variable exponent spaces L'^^'\^ , jj.) for p : ^ 
[l,oo], Orlicz spaces, Lorentz and Marcinkiewicz spaces. For a detailed treatise on Banach 
function spaces, see Bennett and Sharpley f3\. 

(h) , jj.) spaces, where < /? < 1, are qBFL's, but not qBFS's as they fail the local 

embedding into L' . 

(c) The spaces , jj.) O , jj.), where < < 1, are qBFS's. The quasi-norm is 
given as || • ||^i + || • \\lp. If = °°, then these spaces are not normable. On the other 
hand, if < °°, then the quasi-norm is equivalent to the norm. The functions lying 
in this space have peaks controlled by the L} norm, whereas their rate of decay "at infinity" 
is controlled by the W norm. 

(d) L^(^,/i) spaces, where p G (0,°°], with an additional condition on the function 
value at some point xq G 3^, e.g.. 



(2.1) lim 



pL{B{xQ,r)yiP 



= 0, u€J^{^,ii), 

are (q)BFL's, but not (q)BFS's as they fail to contain characteristic functions of all measur- 
able sets of finite measure. The function norm [|m||x has then the value of ||m||p if u satisfies 
condition ( 12.11 ). and oo otherwise. 

(e) The weak L} space, also denoted by L''°°(^,/i), is a qBFL, but not a qBFS as it 
fails the local embedding into L} . 



4 



LUKAS MALY 



(f) Spaces of continuous, differentiable, or Sobolev functions are not BFL's as they fail 
to comply with the lattice property. 

The readers interested in the abstract theory of partially ordered linear spaces are re- 
ferred to Luxemburg and Zaanen f2Q\ and Zaanen [27|, where normed function lattices, 
among other things, are discussed. 

By a curve in ^ we will mean a rectifiable non-constant continuous mapping from a 
compact interval. Thus, a curve can be (and we will always assume that all curves are) 
parameterized by arc length ds, see e.g. Heinonen 1 14 , Section 7.1]. Note that every curve 
is Lipschitz continuous with respect to its arc length parametrization. The family of all 
non-constant rectifiable curves in ^ will be denoted by r(^). By abuse of notation, the 
image of a curve 7 will also be denoted by 7. 

Now, we shall introduce the upper gradients, which are used as a substitute for the 
modulus of the usual weak gradient in the definition of Newtonian spaces. They were 
originally introduced by Heinonen and Koskela in lfT6l ITTll under the name very weak 
gradients. 

Definition 2.2. Let m : ^ — > R. Then, a Borel function g : ^ ^ [0,°°] is called an upper 
gradient of u if 

(2.2) \u{y{0))-u{y{ly))\< j gds 

for all curves 7 : [0, /y] 3^ . To make the notation easier, we are using the convention that 

I (iboo^ — (ib^) I = 

Observe that the upper gradient of a function is by no means given uniquely. Indeed, 
if we have a function u and its upper gradient g, then g^hv& another upper gradient of u 
whenever h is a non-negative Borel function. 

The following lemma shows that we can easily find an upper gradient of a linear com- 
bination of functions whose upper gradients are known. 

Lenuna 2.3. Let g and h be upper gradients of u and v, respectively, and a G M. Then, \a\g 
and g + h are upper gradients of au and m + v, respectively. 

Proof. This follows immediately from Definition 1221 □ 

Now that we have established upper gradients, we can define analogues of Sobolev 
spaces on metric measure spaces. 

Definition 2.4. Whenever w e ^(^, let 

hh^x = ll«lk + inf|l^lk, 

where the infimum is taken over all upper gradients g of u. The Newtonian space based on 
X is the space 

N^X=N^X{g^,ll) = {m e : ||m||^,;^ < 00}. 

Let us point out that we assume that functions are defined everywhere, and not just up to 
equivalence classes /i-almost everywhere. This is essential for the notion of upper gradi- 
ents since they are defined by a pointwise inequality. 

We also define the space of natural equivalence classes given by N^X = N^X/^ , where 
the equivalence relation m ^ v is determined by \\u — v||^i;f = 0. 

Note that we follow the notation of Bjorn and Bjorn |(5|, where N^X denotes the space of 
functions defined everywhere while N^X denotes the space of equivalence classes. Some 
authors, e.g., Shanmugalingam ll25ll . Tuominen ||26| and Mocanu ll22l . use the correspond- 
ing symbols the other way around. 

We will prove in Corollarv l6. 141 that the equivalence classes we have just defined are in 
general finer than the classes of /x-almost everywhere equahty. 
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Remark 2.5. The theory of upper gradients becomes pathological in some cases and the 
corresponding Newtonian spaces are rendered trivial in the sense that N^X = X. Obviously, 
if ^ does not contain any non-constant rectifiable curves, then the zero function is an upper 
gradient of any function M EX, and hence ||m1|^ix — \\u\\x- The Koch snowflake provides us 
with a simple example of such a metric space This exceptional case has already been 
observed in older papers on Newtonian spaces. However, the following example shows 
that there are other situations in which N^X becomes degenerate. 

Example 2.6. Let X = L''{[0, 1]), where p e (0, 1). Suppose that the set {qt : / e N} 
contains all rational numbers within [0, 1]. For k eN, let 

Then, \\gk\\x = \\gi\\x/k < °° for all k gN. Nevertheless, if we consider an arbitrary curve 
7, then J^g/i = oo. Therefore, all g/^ are upper gradients of any function u EX. Hence, 

which proves 

Note that a similar example can be produced even for X = LP{[0, 1]"), where n > 1 and 
p £ (0, 1). In that case, let 

gk{xi,X2,...,X„) = tY.H I 1 ' {xi,X2,...,Xn) G [0,1]", 

for any A: G N, where the set {qi : / G N} consists of all rational numbers within the interval 
[0, 1]. Then, all gk^X are upper gradients of any function m G X. 

In the following two claims, we shall see that N^X is not only a linear space, but also a 
lattice. Furthermore, the functional || ■ ||^i^ is a (quasi)seminorm on A^'X. 

Proposition 2.7. The functional \\ ■ \\f^\x is a seminorm on N^X and a norm on given 
that X is a Banach function lattice. If X is just a quasi-Banach function lattice, then 
II • ll^i^j. is a quasi-seminorm on N^X and a quasi-norm on N^X. Moreover, the modulus of 
concavity remains the same as in X. 

Proof. Let e > 0, a G M, and u,v £ N^X. Then, there are upper gradients g,h £ X of u,v, 
respectively, such that 

h\\x+\\g\\x<\HN'x + £, and |MU+||/J|U< ||v|Ui;, + e. 
Suppose c > 1 is the modulus of concavity of X. Lemma 123] vields that g + h is an upper 
gradient of m + v. Thus, 

\\u + v\\^,x<h + ^'\\x+\\g + h\\x 

< c(||m||x+ |lv||x+ ||g||x+ ||/!||x) < c(||m||^,;, + ||v||^,;,+2e). 
Letting e — ^ proves the triangle inequality. Since \a\g is an upper gradient of au, we have 

\\au\\^ix < ll««llx+|||fl|g||x = |a|(||M||x + k||x) < |fl|(||M||A,ix + e), 

which leads to ||flM||;vix — 1"^! ll"IUix- Similarly, we obtain ||m||^ix < lis^l^' II^mIUix for 
a ^ 0. Consequently, ||flM||^i;(. = |fl| ||m||;v'x- '-' 

Theorem 2.8. The space N^X is a lattice, i.e., ifu,v G N^X, then 

max{M, v},min{M, v}, \u\,u^,u^ G N^X. 

Proof. If g,h £ X are upper gradients of m,v G N^X, respectively, then we can easily see 
that g + h is an upper gradient of maxjw, v}. All other functions in the theorem can be 
expressed using max. □ 
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Remark 2.9. The lattice property [(P2)| of a linear function space is a stronger requirement, 
i.e., if a function space has the lattice property, then it is a lattice. The converse implication 
does not hold as can be seen, e.g., in the set of continuous functions. 

3. SOBOLEV CAPACITY 

In the theory of quasi-Banach function lattices, it is the sets of measure zero that are 
negligible and do not carry any information about the functions. If we move to first-order 
analysis within the context of Newtonian spaces, we will see that we need some quantity 
providing a finer distinction of small sets. 

Definition 3.1. The (Sobolev) X-capacity of a set £ C ^ is defined as 

Cx{E) =inf{||M||^i;f : M > 1 onE}. 

We say that a property of points in ^ holds Cx-quasi-everywhere (Cx-q-e.) if the set of 
exceptional points has X-capacity zero. Despite the dependence on X, we will often write 
simply capacity and q.e. whenever there is no risk of confusion of the underlying function 
space. 

Sometimes it is convenient to restrict the set of functions over which the infimum is 
taken to determine the capacity of a set. 

Proposition 3.2. Let £ C Then, 

CxiE)=mf{\\v\\^>^:XE<v<l}. 

Proof. Obviously, we have Cx{E) < inf{\\v\\fji-^ ■ Xe < v < 1}. Thus, if Cx{E) = °°, we 
are done. Suppose now that Cx{E) < °° and let £ > 0. Then, there is m e N^X with an 
upper gradient g £X such that m > 1 on £ and ||m||x + II^IU < Cx{E) + e. Observe that g 
is an upper gradient of max{min{M, 1},0} as can be seen from the proof of Theorem l2.8l 
Therefore, 

Cx{E) + e>\\u\\x+\\g\\x>\\rmix{rmn{u,l},0}\\x+\\g\\x 

> ||max{min{M,l},0}||^,;f >inf{||v||^i;f :X£ <v< 1}. 
Letting e — > finishes the proof. □ 

We also obtain an intermediate result, namely, Cx{E) — mf{\\v\\^i-j^ : Xe < v}. 
The following lemma serves as a tool for proving the CT-quasi-additivity of the Sobolev 
capacity in Theorem l3.4l 

Lemma 3.3. Let Ui, i — 1,2,..., be uniformly bounded functions with upper gradients gi. 
Then, g — sup,>[ is an upper gradient ofu = sup,>j m,. 

Note that we cannot remove the assumption on uniform boundedness of the functions m; 
as it would render the lemma false. Indeed, consider m, = i with gi = for all i>l. Then, 
^ = is not an upper gradient of m = oo. 

Proof. Observe that u{x) — u{y) — sup,>j (m,(x) — sup^^j Uj{y)) < sup,>j (m,(x) — Ui{y)) for 
all x,y £ 3^ . For every curve 7 : [0, /y] we have 

\u{y{fS))-u{j{ly))\ < sup|M,'(7(Zy)) -M,-(7(0))| < sup / gids< / gds. □ 
!>i i>i Jy Jy 

The capacity satisfies the following fundamental properties. Particularly, if X is normed, 
then Cx is an outer measure on . 

Theorem 3.4. Let E,Ei^E2t ■■ be arbitrary subsets of Then 

(a) Cx(0)=O; 

(b) \\Xe\\x < Cx{E); in particular, if Cx{E) = 0, then jj.{E) = 0; 

(c) if El C E2, then Cx{Ei) < Cx{E2); 
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(d) Cx (lJ7=i £^7) ^ ^7=1 '-''^^ i^j)' where c>\ is the modulus of concavity ofX. 

Proof. The proofs of properties |(a)[|(b)[ and |(c)| are trivial. Let us focus on |(d)| If Cx (Ej) = 
00 for some j e N, then |(d)| holds trivially. Suppose now that Cx{Ej) < °° for every j e N. 
For each Ej, j G N, we can hence find uj g N^X with an upper gradient gj G X such that 
XEj<Uj< l,and \\uj\\x + \\gj\\x <Cx{Ej) + {2c)-Je. Letu ^ sup uj and g = sup j^igj. 
Then, X\J°-i £j — " — 1' while g is an upper gradient of u by Lerruna [33] Hence, 



L'^'CxiEj). 





sup My 


+ 


supgj 


< 




+ 


T.8j 






X 


)>1 


X 




X 





<j:c\\\uj\\x + \\gj\\x)<j:[c^CxiEj) 



CJ£ 

(2^ 



= e 



Letting e ^ completes the proof of |(d)| □ 

All functions in X are finite a.e. The Newtonian functions, however, satisfy a stronger 
condition, namely, they are finite q.e., which is shown in the following proposition. 

Proposition 3.5. Ifu e N^X, then Cx{{x £ ^ : \u{x) \ = 00}) = 0. 

Proof Let £ = {x G ^ : \u{x)\ = 00}. Then, \u\/k > 1 on £ for all k>0. Thus, 



CxiE) < 



IN^X 



■ as — > 00. 



□ 



N^X 



4. Modulus of a curve family 



In this section we define the X-modulus, which allows us to measure curve families in 
terms of the quasi-norm of the space X. The L''-modulus of a system of measures on R" 
was originally defined and studied by Fuglede |9 1. Heinonen and Koskela then defined the 
L''-modulus of a family of curves in a metric measure space in ifTTl . The definition below 
generalizes their approach; however, where they have the pth power of || • ||z,p, we use just 
II • \\lp. Despite this little modification, the properties of the modulus remain qualitatively 
the same and, most importantly, it does not affect which of the curve families have modulus 
equal to zero. 

Definition 4.1. For an arbitrary set E C we define 

r£ = {7Gr(^):7-i(£)7^0} and r+ = {7G r(^) : Ai(7-'(£)) > 0}, 
where A ' denotes the (outer) 1 -dimensional Lebesgue measure. 

Remark 4.2. If the set 7"' (£) C M is not /I '-measurable, then A ' (7"' (£)) > 0. Observe 

thatr,^. = r(^). 

Definition 4.3. Let F be a family of curves in The X-modulus of F is defined by 

Modx(F):=inf||p||x, 

where the infimum is taken over all non-negative Borel functions p which satisfy fypds > 
1 for all 7 G F. 

A claim is said to hold for Modx-almost every curve (abbreviated Modx-a.e. curve) if 
the family of exceptional curves has zero X-modulus. 

Definition 4.4. A curve / is a subcurve of a curve 7 : [0, /y] — > ^ if, after reparametrization 
and perhaps reversion, / is equal to 7I for some < a < b < ly. 

The following lemma summarizes the basic properties of the X-modulus. Many argu- 
ments based on the concept of a modulus depend on the fact that a certain family of curves 
has modulus equal to zero. From this point of view, the claim [(c)| of the lemma is worth 
emphasis as it shows that a countable union of families of curves with zero X-modulus has 
X-modulus equal to zero. 
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Lemma 4.5. The modulus satisfies the following properties given that Y^, G N, are fam- 
ilies of curves in 0^. 

(a) IfTi C T2, then Modx(ri) < Modx(r2). 

(b) IfX is a quasi-normed space with the modulus of concavity c > 1, then Modx is 
O- quasi- additive, i.e., 

Modx f U ^ E c'^ModxiTk). 

V=l ^ k=\ 

In particular, ifX is a normed space, then Modx is O -subadditive. 

(c) //Modx(ri) = 0/or every ken, then Modx(Ur=i ^k) = 0. 

(d) If for every curve yi £ Ti there is a subcurve 72 G r2 0/71, then Modx(ri) < 
Modx(r2). 



We shall see in the proof that |(d)| says, roughly speaking, that the longer the curves in F 
are, the smaller Modx (F) is- 

Proof. |(a)| The infimum in the definition of Modx (ri ) is taken over a larger set of functions 
than in the definition of Modx(F2). 

|(b)| Let £ > 0. For each G N, we can find a non-negative Borel function p/^ such 
that Modx(Ft,) < ||pi:||x < Modx(F<.) + {Ic^'^e while JyPkds > 1 whenever 7 G F<.. Let 
p = supj(,>j p^.. Then, f^p ds > I for every curve 7 G Ur=i ^jt, and 

Modx(\Jn) <\\p\\x^ suppk < £pi <f^c^\\pk\\x 



k=l 



k>l 



X 



< E (c'^Modx(Fi) +2-'^£) = £ + £ c*^Modx(F^) • 

k=l k=l 



Letting now £ ^ finishes the proof of[(b) 
(c)]The claim follows immediately from 



_ m 

(d)]Let £ > 0. Then, we can find a function p £X such that /^p ds > 1 for every curve 
7 G F2 and ||p ||x < Modx(F2) + £. For every curve 71 G Fi we can find a subcurve 72 G 
F2, and thus, J^^ pds> pds>l. Consequently, Modx(Fi) < ||p ||x < Modx(F2) + £. 
Letting £ — > finishes the proof. □ 

Proposition 4.6. /// : — > M /i measurable, then there exist Borel functions /i , /2 : ^ 
M such that f\ < f < fi and f\ = f2 a.e. 

A proof can be found in Bjorn and Bjorn [T Proposition L2]. 

As already mentioned, it is whether the X-modulus is zero or not that is important to 
all our arguments based on the notion of X-modulus. Therefore, we establish a couple of 
characterizations equivalent to the condition Modx (r) = 0. 

Proposition 4.7. Let x d ^ and let F be a family of curves in S^. The following are 
equivalent: 

(a) Modx(F)=0; 

(b) there is a non-negative Borel function p €X such that fyPds = °° for all curves 
7Gr; 

(c) there is a non-negative measurable function p such that pXB{x.r) ^ ^ for all radii 
r > 0, and such that J^p ds = oa for all curves 7 G F. 



Proof. |(a)| => [(b)| For every n G N there is a non-negative Borel function p„ G X such that 
p„t/s> lforall7GF, and ||p„||x < (2c)-", 



NEWTONIAN SPACES BASED ON QUASI-BANACH FUNCTION LATTICES 



9 



where c > 1 is the modulus of concavity appearing in the triangle inequality in |(P1)| and 
consequently in the Riesz-Fischer property |(RF)| of X. Let p = Y,n=i Pn ^ X. Then, 
JyP ds = oo for all 7 e F. 





M 




(a) 



Due to Proposition l4.6l there is a non-negative Borel function p > p such that 



p = p a.e. Let 



1 ^ PXB{x.k) 



nti (2c)*|lPZB(.a)IU + l ' 

where c > 1 retains its meaning as previously, while « e N. Then, ||p„||x < !/"■ i^o^ 
7 G F, then it is contained within a ball B{x,k) for some ^ G N as the range of the curve 7 
is compact. Therefore, JyPnds = 00 > 1. Hence, Modx(F) < ||p„||x — > 0, as « — > 00. □ 

Lemma 4.8. Assume that ^{E) — 0, then Modx(T^) — 0. 

Proof. Let F D £ be a Borel set of zero measure, then F^ ^ T^. Let p = 00 on F, outside 
of which let p be zero. Every curve 7 G F^ satisfies (7^^ (F)) > while the set F n 7 
is Borel, hence fyPds is well defined and attains the value 0°. Finally, Modx(F^) < 
Modx(F+) < IIpIIx = Osincep =Oa.e. □ 

The following lemma shows that we may modify a non-negative measurable function 
on a set of measure zero while the value of the path integral of this function over a curve 7 
remains the same for Modx-a.e. curve 7. 

Lemma 4.9. Let gi and g2 be non-negative measurable functions such that g\ = g2 a.e. 
Then 

glds— / g2ds forModx-a.e. curve J. 
Jy Jy 

In particular, jygids is well defined and has a value in [0, 0°] for Modx-fl.e. curve 7. 



Proof. According to Proposition 14.61 there is a non-negative Borel function g such that 
gi= g^ g2 a.e. Let E = {x^ 0^: gi (x) ^ g{x)}. As g is Borel, the integral Jygds is well 
defined for all curves 7. For curves 7 ^ F^, 



gids= / gds. 

Jy 

Since IJ.{E) — 0, we have Modx(F^) = by Lemma l4~8] Hence, equality holds for Modx- 
a.e. curve 7. 

A similar argument shows that the equality Jyg2ds — Jygds holds for Modx-a.e. curve 
7. Lemmal4.5|(c)|then finishes the proof. □ 



5. Weak upper gradients 

The set of upper gradients is not a closed subset of X, which we have already seen in 
Example 12.61 and similar examples can be provided for non-trivial Newtonian spaces, as 
well. Another drawback of upper gradients is that they are required to be Borel functions. 
We can, however, relax the conditions in Definition |22] to replace the upper gradients with 
a more flexible set of functions, following the ideas of Koskela and MacManus in 1 18|. 

Definition 5.1. A non-negative measurable function g on is an X-weak upper gradient 
of an extended real-valued function u on 3^ if 

(5.1) \u{y{0))-u{y{ly))\< j gds 

Jy 

forModx-a.e. rectifiable curve 7: [0,Zy] — 
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Remark 5.2. By Lemma |4~9l the path integral ( 15.1b is well defined for Modx-a.e. curve 7. 
Applying Pi'oposition l4.6l as well, one can see that if a measurable function g is an X-weak 
upper gradient of u, then there exists a non-negative Borel function g', which obeys g' — g 
a.e., and g' is an X-weak upper gradient of u. 

Remark 5.3. Lemma 14.91 also shows that we may modify an X-weak upper gradient of 
a function on a set of measure zero to obtain another X-weak upper gradient of the same 
function. The following example shows that the corresponding claim for upper gradients 
is false. 

Example 5.4. Let m : — ;> R be given by u{x) — \x\. Then, g = 1 is an upper gradient of 
u. Let M be the image of a (rectifiable) curve in R^ of positive length. Then g' — I— Xm is 
not an upper gradient of u, but g = g' a.e., whence it is an X-weak upper gradient of u. 

Similarly as in the case of upper gradients, we can determine an X-weak upper gradient 
of a linear combination of functions whose X-weak upper gradients are known. 

Lemma 5.5. Let g and h be X-weak upper gradients of u and v, respectively, and a S R. 
Then, \a\g and g + h are X-weak upper gradients of au and u + v, respectively. 

Proof. Let Fi be the family of exceptional curves for g with u, and r2 for h with v. Then, 
Fi is the exceptional family for \a\g with au, whereas Fi UF2 is the exceptional family for 
g + h with u + V. Lemma l4.5|(c)| now ensures that Modx (Fi U F2) = 0. □ 

The following lemma shows that X-weak upper gradients of a given function can be 
approximated by its upper gradients with arbitrarily small distance in X. Note that here we 
do not require that the approximated X-weak upper gradient lies in X. 

Lemma 5.6. Let g be an X-weak upper gradient of u. Then, there exist pi^ £ X such that 
g + Pk is an upper gradient of u for every ^ € N and ||PaHx as k ^ °°. In fact, there is 
p G X such that we may choose Pk~P /kfor every G N. 

Proof. First, we can find a non-negative Borel function g' such that g' — g a.e. Lemma 
14.91 shows that g' is an X-weak upper gradient of u as well. Let F consist of those curves 
7 : [0, ly] 3^ such that 

\u{ym-u{Y{ly))\i (g'ds. 

Jy 

Therefore, Modx (F) = 0, and hence, by Proposition 14.71 there is a non-negative Borel 
function p G X such that /^p ds — °o for all 7 G F. Due to Borel regularity of the measure 
on £P, there is a Borel set M of zero measure such that it contains the set {x £ ^ : g{x) ^ 
g'{x)}. Finally, let 




forxG ^\M, 
for X eM. 



Then, g -\- Pk = g' + Pk is a Borel function. It is also an upper gradient of u and ||pi:||z = 
||p||xA^OasA:^oo. □ 

Consequently, we could have defined the A^'X (quasi)seminorm using X-weak upper 
gradients instead of upper gradients as is proven in the following corollary. 

Corollary 5.7. Let u e ^{^,11). Then, 

MIn^x = ll"lk + inf|l^llx, 

where the infimum is taken over all X-weak upper gradients g of u. 
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Proof. Let m be the infimum as in the claim. Let m — infg \ \g\\x, where the infimum is 
taken only over all upper gradients g of u. We immediately obtain that m < m. If m = 00, 
then obviously m — m. Suppose now that m < °o. Then there exists a sequence of X-weak 
upper gradients {gk}'k=i of u such that \\gk\\x ni as k ^ °o. By Lemma ISTSl there are 
upper gradients g^ of u such that ||gjt — ^illx < for all A; G N. Therefore, \\gii\\x ~> '« as 
A; — J> 00, and hence m<m. This fact leads to equality ||m||x + »! = ||m||x + which finishes 
the proof. □ 

Definition 5.8. A Borel function g : ^ ^ [0,°°] is called an upper gradient of u along a 
curve 7 if it satisfies inequality ( I2.2l l for every subcurve / of 7. 

Corollary 5.9. If g is an X-weak upper gradient of u on !^ and 

r = {7 G r(^) : g is not an upper gradient of u along 7}, 

then Modx(r) =0. 

Proof. Let F' consist of those curves / : [OjZy/] — > for which 

|«(7'(0))-«(7'(V))|^ / gds. 

Then, Mod^ (F') =0 by the definition of weak upper gradient. Moreover, each curve 7 G F 
has a subcurve / G F', whence Modx(F) < Modx(F') = by Lemma l43[(d)| □ 

Having a fixed set, we shall find a close relation between its negligibility in terms of 
X-capacity and and in terms of X-modulus of the family of curves intersecting it. 

Proposition 5.10. LetE C 3^. Then, Cx{E) = if and only if li{E) = ModA:(F£) = 0. 

Proof. Assume first that pL{E) = Modx(F£) — 0. Let u ~ %£■ Then, g = is an X-weak 
upper gradient of u since m = on all curves outside Ye, i.e., on Modx-a.e. curve. Hence, 
Cx{E) < = as M = a.e. 

Suppose now that Cx^E) = 0. It follows from Theorem [3l1[(b)| that ^{E) = 0. Let 
{"i}7=i ^ sequence of functions in N^X with their respective upper gradients gj such 
that Xe < Uj < 1, while ||m)IUix < (2c)"' as well as \\gj\\x < (2c)"-' for all / G N. Let 
u = Y!J=i Uj G X and g = Y.J=i gj e ^- Let 

F ^{xe ^ : u{x) = 00} 3 
Fi = |7GF(^): j gds = 00^, 

F2 = {7G F(^) : 7CF} C |7GF(^): j M<i5 = oc|. 

Now, Modx(Fi) = by Proposition 14.71 as g ^X. Since m G X, we similarly obtain that 
Modx(F2) = 0. What remains to be proven is that Yp C Fi UF2. Therefore, let 7 G 
Y{3^) \ (Fi UF2). Then, there is x G y\F, i.e., u{x) < °o. For every z G 7 we have 

m(^) = L - L + E l"./(2) - «j(-^)l 

;=i j=i .7=1 

< u{x) + 52 / 8jds — u{x) + / gds < 00, 

j=iJr ■'y 

whence Y^F = 0. Finally, ModA-(F£) < Modx(F/r) < Modx(Fi UF2) =0. □ 

Previously, we have seen that modifying an X-weak upper gradient on a set of measure 
zero preserves its properties. The following corollary shows that modifying a function on 
a set of X-capacity zero retains its X-weak upper gradients. 
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Corollary 5.11. If u — v q.e. and g is an X-weak upper gradient of u, then g is also an 
X-weak upper gradient of v. 

Proof Let E = {x e ^ : u{x) ^ v(x)}. Then, Cx{E) and hence Modx(r£) = 0. 
Consequently, u = v along Modx-a.e. curve, which implies that g is an upper gradient of v 
along Modx-a.e. curve. □ 

The next corollary provides us with an alternative definition of an X-weak upper gradi- 
ent of an a.e. finite function. It shows that it does not really matter how we interpret the 
inequaUty ( 15. Il l when the left-hand side is |(±°°) — (±°°)|- 

Proposition 5.12. Let u: ^ ^^be a function which is finite a.e. and assume that g>0 
is such that for Mod^-fl-e. curve J : [0, ly] — > ^ it is true that either 

(5.2) \u{y{0))\ = \u{y{ly))\=^ or \u{y(0)) - u{y{ly))\ < [ gds. 

Then, g is an X-weak upper gradient of u. 

Such a characterization of weak upper gradients was originally given by Bjorn, Bjorn, 
and Parviainen in ||6l for the case. 

Proof. Let F be the set of all curves that have a subcurve for which ( 15.2b does not hold. 
Then, Modx(r) = by Lemma l43)(d)l Let £ = {x G ^ : |m(ji:)| = oo} and = {7 e 
r(^) : 7 C £}. We have Modx(r£) < Modx(r^), which is equal to zero by Lemma|4|8] 
as ii{E) = 0. Let now 7 e r(^) \ (rur|). Then, there is t G [0,/y] such that 7(f) ^ E. If 
f = or f = ly, then 

\u{y{0))-u{rily))\< [gds 

Jy 

by the hypotheses. Otherwise, 

|«(7(0)) - u{y{ly))\ < |«(7(0)) - «(7(0)l + l«(7(0) - «(7ar))l 





;ds-^ 


/ gds^ 


•'rlio.f] 







because the second alternative in (I5.2l i holds for both 7 | p ,] and 7 | [, /^j . Therefore, g is an 
X-weak upper gradient of u since Modx (F U F^) =0 due to Lemma l4.5|(c)| □ 

6. Absolute continuity along curves 

Due to work of Beppo Levi 1 19, Section 3], which goes as far back as 1906, it is well 
known that the classical Sobolev space W' ''(R") can be characterized as the space of 
functions in L''(R"), which have a representative that is ACL, i.e., absolutely continuous 
on almost every line parallel to the coordinate axes and whose (classical) partial derivatives 
belong to L^{K.") as well, see e.g. Ziemer |28, Theorem 2.L4]. 

On metric spaces there are no distinctively preferable lines; however, we can study the 
(absolute) continuity of Newtonian functions on curves. Since Levi's characterization al- 
lowed a certain number of exceptional lines, it is natural to expect that there are exceptional 
curves in our setting as well. 

Definition 6.1. A measurable function belongs to the Dirichlet space DX if it has an upper 
gradient in Z. 

Remark 6.2. Due to Lemma 15.61 we can equivalently define the Dirichlet space DX by 
requiring existence of an X-weak upper gradient lying in X. We can easily see that DX is a 
linear space, with N^X as a subspace. Moreover, the proof of Theorem 12 . 8 1 shows that DX 
is a lattice. 
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Definition 6.3. A function / : [a,b] -> R is absolutely continuous on [a,b], abbreviated as 
/ G AC([a,^]), if for every e > there is 5 > such that 

j^\f{bj)~f{aj)\<e 

j=i 

for any n G N and any a < ai <bi < a2 < bT < ■ ■ ■ < a„ < b„ < b such that 

n 

;=i 

Remark 6.4. It can be proven (cf. Rudin |24, Theorem 7.20]) that / G AC{[a,b]) if and 
only if / is differentiable a.e. in [a, b], while/' gL'([«.^]) and 

f{x)^f{a)+ f f'{t)dt foralljc G [fl,^7]. 

J a 

Definition 6.5. A function m : ^ M is absolutely continuous on Modx-a.e. curve, 
shortened as m G ACCx if the function uoy: [0, /y] — R is absolutely continuous for 
all curves y : [0, ly] except perhaps for a family of curves with zero X-modulus. 

Lemma 6.6. Suppose a G R and w : R — )■ M w a Lipschitz function. Ifu, v are in ACCx {^), 
then so are m±v, au, uv, max{M,v}, min{M,v}, wou, \u\, m+, and u^, where w{±°°) may 
be defined arbitrarily. In particular, ACCx{^) is a lattice. 

Proof. Let Fi and r2 be the families of the exceptional curves for u and v, respectively. 
Then, Modx(ri ur2) = by Lemma l43|(c)| Consider a curve 7: [Q,ly] which 
lies in r(^) \ (Li ur2), and let / = m o 7 and g = vo 7. Then, f,g G AC([0,/y]) and the 
absolute continuity of / + ^, fg, max{/,g}, and 0/ on [0,/j/] follows from Lemma 1.58 
in Bjorn and Bjorn [5 J. Note that / is a bounded function, so the values of w at the infinities 
do not have any effect on the function wo/. Therefore, m + v, uv, max{M, v}, and w o m are 
absolutely continuous along 7. 

Absolute continuity of all the remaining functions in the claim along almost every curve 
foUows from the facts which have just been established. □ 

The following theorem shows that Dirichlet functions, and in particular Newtonian 
functions, are absolutely continuous on Mod^-a.e. curve. Such a result can be seen as 
stronger than the ACL condition for Sobolev functions on R". 

Tlieorem 6.7. Ifu e DX, then u G ACCx(^). 

Proof. Let g G X be an upper gradient of u and let Y consist of those curves for which 
Jygds = °°. Then, Modx(r) = due to Proposition |42] 

Let 7: [0,ly] -> ^ be a curve in r(^) \r. For all a,b G [0,ly], a<b,we have 

(6.1) \u{Yib))-u{Y{a))\< [ gds<^, 

•'r\[aM] 

and in particular u{Y{a)) G R for all a G [0, ly]. Suppose now that / := m o 7is not absolutely 
continuous on [0, ly]. Then, there is an e > such that for every y G N there are < aj i < 
bj.i < aj 2 < ■ ■ ■ < ajjjj < bj_„j < ly such that 

nj rtj 

Y,{bj,i - aj,i) < 2-^, while " I > £• 

1=1 i=I 

Letting Ej = {j'lLii^j.hbjj], we obtain by ( 16. Il l and the dominated convergence theorem 
that 

e < I \f{bj,) - fiajj) I < / gds^O as y ^ cx, 

i=l 
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since X^{Ej) < 2 A This contradiction shows that / is necessarily absolutely continuous 
on [0, ly], whence u is absolutely continuous on every y G Y{0^) \ Y. □ 

Having a function u £ ACCx(>^3^) and a curve 7 on which u is absolutely continuous, 
one can compare the classical derivative of m o 7 with an arbitrary X-weak upper gradient. 
This leads to the following lemma, which provides us with yet another characterization of 
X-weak upper gradients lying in X. 

Lemma 6.8. Assume that u G ACCx(^) and that g £X is an X-weak upper gradient of 
u. Then, for Modx-a.e. curve 7: [0,ly\ S^, we have 

(6.2) l(«°7)'(0l <g(7(f)) /orfl.e. f G [0,Zy]. 

Conversely, if g > is measurable, u G ACCx{^), and (16.21 ) holds for Modx-a.e. curve 
7 : [0, ly] — > then g is an X-weak upper gradient of u. 

Observe that whereas we need to assume that g E X in the forward implication (cf. 
Example l6.9l below). it is unnecessary in the converse. 



Proof. Assume first that u G ACCx{^) and that g G X is an X-weak upper gradient of u. 
Let 7: [0,ly] — !• be a curve such that mo 7G AC([0,Zy]), g is an upper gradient of u along 
7, and Jygds < °o. This holds for Modx-a.e. curve. 

Now, almost every point t G (0, ly) is a Lebesgue point for g o 7 (so that the last equality 
in i6.3i below holds) and simultaneously m o 7is differentiable at t. For such t we obtain 

(6.3) |(«o7y(0l = lim"^^(^ + '^))^"(^(^» 



h 

1 /■'+'' 



<lim-/ g{r{^))dT = g(Y{t)). 

h^O h Jt 



Conversely, assume that ^ > is measurable, u G ACCx [3^) and (I6.2l i holds for Modx- 
a.e. curve 7: [0,/y] -> iP. Let 7: [0,/y] — > ^ be a curve on which u is absolutely continu- 
ous, (16.21 ) holds, and fygds is well defined. This holds for Modx-a.e. curve as can be seen 
by Lemma l49l Then, 

\u{Y{0))-u{Y{ly))\ < f'\{uoY)'{t)\dt< f' g{Y{t))dt= [ gds. □ 

Example 6.9. Let A C [0, 1] be a Borel set which satisfies < A ' (A n /) < A ' (/) for all 
non-degenerate intervals / C [0, 1]. Then, g = °°Xa is an upper gradient of any function on 
[0, 1]. Let u(x)—x for x G [0, 1]. Hence, (m o 7)'(f) = 1^0 = g{Y{t)) whenever 7(r) ^ A, 
which happens for t chosen from a set of positive measure. 

Next, we will investigate how a pair of functions related by pointwise (in)equality a.e. 
is affected by the fact that these functions belong to ACCx (>^3^), which will eventually lead 
to a description of the natural equivalence classes for Newtonian functions. 

Proposition 6.10. Ifu,v G ACCx(^) and u — v a.e., then u — v q.e. 

Proof Let £■ = {x G ^ : u{x) ^ v{x)}. Since pL{E) 0, we have Modx(r^) = by 
LemmagS] Let L = { 7 G r( ^) \ L^ : m o 7, v o 7 g AC( [0, /y] ) }, which gives Modx (P ) = 
0. Suppose 7G r. Then, Ai(7-'(£')) = 0, i.e., M o 7 = V o 7 A^-a.e. on [0,Zy]. As both 
functions u and v are continuous on 7, we have m = v everywhere on 7, whence Y^E = 
0. Consequently, Ye C V and ModxCF^) < Modx(r'=) = 0. We can now conclude that 
Cx (£■) = due to Proposition lTTOl □ 

Corollary 6.11. Ifu^v G ACCx(^) and u>v a.e., then u>v q.e. 

Proof. Let w — min{M, v}. Then, w G ACCx (^^), and u>w everywhere in ^ while v = w 
a.e. We can see that u>w^v q.e. due to Proposition l6.10l □ 
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Corollary 6.12. Let m, v G N^X. Ifu> V a.e., then u > v q.e. Furthermore, if u ^ v a.e., 
then u — V q.e. 

Proof. Theorem l6.7l shows that both u and v are absolutely continuous on Mod^-a.e. curve. 
Corollary 16.111 and Proposition l6.10l respectively, finish the proof. □ 

The following results prove that the equivalence classes in N^X are up to sets of X- 
capacity zero. Therefore, we can see that there is an actual difference between Newtonian 
spaces and Sobolev spaces on R" as the latter are defined with equivalence classes up to 
sets of measure zero. Remember that the capacity in general allows a finer distinction of 
sets of measure zero. 

Proposition 6.13. Let u : ^ ^ ^ be a measurable function. Then, ||m[|^i;j. = if and only 
if u — q.e. 

Proof. Assume first that ||M||^i;f — 0. Then, u S N^X and m = a.e. as ||m||x = 0. Thus, 
M = q.e. by Corollarv l6.12l 

Assume, on the other hand, that £ = {x £ ^ : u{x) ^ 0} satisfies Cx{E) = 0. Then, 
IJ.{E) = by Proposition IS . 1 01 while is an X-weak upper gradient of u by Corollarv lS.llI 
Therefore, Mj^ix < hh + \\0\\x = 0. □ 

Corollary 6.14. The equivalence classes in N^X are given by equality up to sets of capacity 
zero. 

Proof. The claim follows from the definition of m '--^ v by condition \\u — v||^i;c = 0, which 
holds if and only if m — v = q.e. as has been shown in Proposition l6.13l □ 

Next, we introduce a space of equivalence classes described by equality a.e. with a 
Newtonian function, which is a closer counterpart of classical Sobolev spaces. 

Deflnition 6.15. Let us introduce the space of equivalence classes given by a.e. equality 
to Newtonian functions, i.e., 

N^X = {ueX : there is v G N^X such that u = v a.e.}, 

with the norm induced by N^X (so that ||m||^ij^ = II^IIatIx' whenever m = v a.e., while u G 
N^X and v e N^X). Observe that the norm is well defined due to Corollaries l6.12l and l6.14l 

The following proposition quantifies the difference between equivalence classes of func- 
tions in N^X and functions in N^X. Roughly speaking, N^X consists only of the "good" 
representatives of classes in N'^X. 

Proposition 6.16. Let u e N'^X, then u e N^X if and only ifu G ACCx(=^). 

Proof. Theoi'em l6.7| gives the necessity. 

Consider now u G N^Xr\ACCx{,^). Then, there is v G N^X C ACCx such that u = 
V a.e. Proposition l6. lOl implies that u = v q.e., whence \\u — v\\p]\-^ = by Proposition l6.13l 
and hence u G N^X. □ 

Example 6.17. If we consider X C L[qj,(M), then ^ N^X as it does not have any upper 
gradient in Lj'jj^(M). On the other hand, Xq — ^ ^-S- on M, whence Xq G N^X. 

In the Euclidean case, we have N^W = W^''^. Indeed, Ohtsuka has shown in 1231 Sec- 
tions 4.3 and 4.4] that an L'' function lies in the Sobolev space w' '' if and only if it has 
an ACCiP representative whose gradient is integrable to the pl\\ power The description of 
zero L''-modulus of a family of curves in his text corresponds to our Pi'oposition l4.7|(b)l 
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7. Completeness of Newtonian spaces 

We shall further see that the general setting of quasi-Banach function lattices suffices to 
prove that Newtonian spaces are in fact complete. The proof relies heavily on the fact that 
the equivalence classes in N^X are given by equality up to sets of capacity zero. 

Theorem 7.1. The Newtonian space N^X is complete. 

Proof. Recall that N^X = N^X/^ = A^^X/=q.e. as has been proven in Corollary [OH Let 
{^7}"=! be a Cauchy sequence in N^X. Without loss of generality we may assume (by 
passing to a subsequence if necessary) that ||m;+i — m/IUix < (4c) where c > 1 is the 
modulus of concavity of N^X. Let 

Ej = {x e ^ : \uj+i (x) - Uj{x)\ > 2-'}. 

Consequently, we can estimate Cx{Ej) < \\2-'{uj+i — Uj)\\^i-^ < 2-'(4c)^' — (2c)^-'. Let 
F = limsnpj^^Ej, i.e., 

k=i i=k 

Therefore, Cx{Fk) < 'L'J=kC^'''^^CxiEj) < IJ^^c^'^'^+i (2c)-> = (2c) '-^^ by Theorem[34l 
Thus, Cx (F) = as Cx (F) < Cx (Fk) for all keN. Let xe.^\F, then xe^\F„, for some 
m whence [m^+i (x) — Uj{x) \ < 2^' for all j >m and {uj{x)}J^^ forms a Cauchy sequence 
in R. Hence, we can define 



limy^oo Uj (x) for x e ^\F, 
for X <eF. 



u{x) = 

Observe that u{x) is defined as the limit for q.e. x G Moreover, we have 



(7.1) lim My(x) = Mi-(x) + £ (mj^i (x) — Mj(x)), xe^\F, 

j=k 

where F = F U U7=i{'*^ G ^ : |m/(x)| = 00} while e N may be chosen arbitrarily. Propo- 
sition l3.5l and Theorem l3 .41 vield that Cx{F) — 0, and hence li{F) — 0. Thus, ||m — ui^\\x < 
L7=*:(4c)"^' = (4c)'"'-7(4c - 1), so ^ M in X as A: 00. Since Cx{F) = 0, Mod^-a.e. 
curve in ^ has an empty intersection with F by Proposition lS.lOl Let 7 be one such curve, 
connecting x = 7(0) and z = y{ly)- As u is defined by ( 17.1b on 7, we have 

\{U-Ut){x)-{U-Uk){z)\ < £ \{Uj+l - Uj){x) ~ {Uj+l - Uj){z)\ 

j=k-'r ■'yj=k 

where gj is an upper gradient of Uj+\ — uj such that \\gj\\x < (2c)^-'. Therefore, g/^ = 
Tfj=kSj is an X-weak upper gradient of m - and \\gk\\x < L7=i:C-'^''+' (2c)"' = (2c) 
Finally, it follows that 

||M-MilUix<ll«-«*IU + |||A-|lx<-T^ + (2c)'"*^^0 as^^-. □ 

4c — 1 

Finally, we will investigate what consequences the convergence in N^X has on point- 
wise and uniform convergence of a sequence of functions. A Egorov-type theorem can be 
considered contained in the following corollary. 
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Corollary 7.2. Assume that uj — > u in as j — >■ °°. Then, there is a subsequence which 
converges to u pointwise q.e. Moreover, for every e > there is a set E with Cx{E) < 
£, such that the subsequence converges uniformly to u outside of E. If all functions uj 
are continuous, then there is an open set G with Cx (G) < £, such that the subsequence 
converges uniformly outside of G (not necessarily to u, though). 

Proof. Let us define the sets Ej and F/^ as in the proof of Theorem 17. II j,k e N. We have 
obtained there a subsequence (denoted by {uj}J^^ again) which converges uniformly to 
some function m on ^XF/^ for any k eN, and thus pointwise on 3^\F, i.e., q.e. on 
Due to the construction of the function u (which is denoted by u in the aforementioned 
proof), we see that u G N'^X, whence \\u — ii\\iqix ~ Proposition l6. 1 3l then yields that 
u = u q.e. 

If all functions uj are continuous, then all sets Ej, and consequently f]t, are open. There- 
fore, G can be defined as Fj^ for a suitably large k, and Uj — > u uniformly outside of G. □ 
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